In this paper, we present high accuracy quadrature formulas for hyper-singular integrals
Introduction
We consider the following hyper-singular integral with an interval variable t ∈ (a, b):
where q(x, t) = |x -t| (or x -t), and α ≤ - (or α < -) is a real number. Equation (. So far, many numerical methods have been proposed to evaluate the hyper-singular integral (.) for α = -. According to the quadrature rules based on interpolation trigonometric polynomials, Kim and Choi gave two quadrature formulas for evaluating (.) with α = - in [] , in which the cosine transform of variables and trigonometric polynomial interpolation at the practical abscissa were used, where a three-term recurrence relation was used to evaluate the quadrature weights. In [], Huang et al. got the Euler-Maclaurin expansions of (.) with - ≤ α < - by a modified trapezoidal formula. In [], Kabir et al. used the piecewise quadratic polynomial technique to solve integral equations with logarithmic, Cauchy, and hyper-singular integrals. Hui and Shia presented a Gaussian quadrature formula for (.) with q(x, t) = |x -t| for α = -, where the classical orthogonal polynomials such as the Legendre and Chebyshev polynomials were used in [] . In [] , the hyper-singular integral equations were applied to solving the flat crack problem. On the basis of Euler-Maclaurin expansions in [], Sidi and Israeli got the quadrature formulas and the error asymptotic expansions of the integral (.) with q(x, t) = x -t for α = -. In , Monegato and Lyness obtained the Euler-Maclaurin expansions of (.) by the Mellin transform, as t =  and α < -.
The quadrature formulas in [] are not valid for solving hyper-singular integral equations and are only valid at the endpoint of the integrand interval. In this paper, by generalizing the results of Monegato and Lyness in , we extend the formulas to any interior point of the integrand interval, and we present high accuracy quadrature formulas for hyper-singular integrals
, the asymptotic expansions of the error show that: (i) when α ≤ - (or α is a non-integer less than -), the convergence order is O(h μ++α ) with q(x, t) = |x-t| (or x-t), where μ = , . . . , m; (ii) when α is an integer less than -, the error power is O(h η ) with q(x, t) = x -t, where η = min(μ, μ +  + α) and μ = , . . . , m. Since the derivatives of the density function g(x) in the quadrature formulas can be removed by means of the extrapolation method, the formulas can easily be applied to solving the corresponding hyper-singular boundary integral equations. Quadrature formulas can also be used to solve singular integral equations in its corresponding forms. The hybrid Gauss-trapezoidal quadrature rule [] is one of many quadrature formulas. There are also several methods to solve hyper-singular boundary integral equations beside quadrature rules, such as potential theory [] , the Green function approach [], and so on. As far as this paper is concerned, we only deal with hyper-singular integrals. Moreover, numerical results display the significance of these formulas proposed, finally. This paper is organized as follows: in Section , we introduce the Euler-Maclaurin expansions for hyper-singular integrals of (.) at the end points of the integrand interval; in Section , we present high accuracy quadrature formulas for hyper-singular integrals (.) with an interval variable, and also we get their Euler-Maclaurin expansions; in Section , some numerical examples are tested. A few conclusions are drawn in Section . We discuss the following integrals: 
. . , and γ is non-integer, the formula is
. . , and α is a non-integer, the expansion can be written
and s are integers, we have the form
is the Mellin transform, and the other functions are defined by
Proof Considering the hyper-singular integrals (.) and taking
, we obtain the results of Lemma ..
Obviously, the quadrature formulas can be derived by Lemma .. To get the convergence order of the quadrature rules, we estimate the value of
as Corollary ..
Corollary . Under the assumptions of Lemma
where
and satisfies the conditions of Lemma ..
Based on the definition ofF i (p), i = , , we have
where c is a constant number.
Quadrature formulas of hyper-singular integrals and their Euler-Maclaurin expansions
In this section, we study the following integrals:
and p is a nonnegative integer, g(x)
is a smooth function on [a, b] . G(x, t) and G  (x, t) are hyper-singular functions about interval variable t as α < -. We divide the interval [a, b] into n equal parts, that is, h = (b -a)/n. Let x j = a + jh (j = , , . . . , n) and the singular point t satisfies t ∈ {x j :  ≤ j ≤ n -}, and we also take β = /. In terms of Lemma . and the classic Euler-Maclaurin expansions on modified trapezoidal formulas, we derive the following formulas of the integral (.) with q(x, t) = |x -t|.
at the same time the following assertions hold.
(i) If α is a non-integer, the error expansion can be written
where B μ is for the Bernoulli numbers.
(ii) When α = -l - with l ∈ N , the error expansion is given by
(iii) As α = -l with l ∈ N + , we obtain the error expansion of the form
Proof Take t = x i , then t is an interior point of division of the interval (a, b). The integral of (.) can be decomposed into two parts
We consider the first item of the theorem at first. By equations (.) of Lemma . and (.) of Corollary ., we have
Combining (.) with (.), we obtain
we have the forms of (.) and (.).
Next, we will derive the conclusions of (ii) and (iii). Using the rules of (.), (.), and (.), we get the corresponding formulas:
Combining (.) with (.), we have
It is easy to obtain the formula of the form
from (.) for α = -l -. Hence, equations (.) and (.) hold.
As α = -l (l ≥ ), we have
from the rules of (.). This completes the proof of theorem.
Clearly, the convergence order of the quadrature form of (.) is O(h μ++α ) (μ = , , . . . , m).
Corollary . Under the assumption of Theorem . and letting α = -, the quadrature rule is given by
and the form of the asymptotic error expansion is
Proof Let l =  of (.) and (.), then the results hold.
We have discussed the case of the kernel function q(x, t) = |x -t| above, while some modelings of the phenomena naturally require numerical schemes of the hyper-singular integral (.) with q(x, t) = x -t. In Theorem ., we will lay out the quadrature formulas of (.) with q(x, t) = x -t and demonstrate them.
At the same time, we take t = x i ,  ≤ i ≤ n -, then the following assertions hold.
(ii) When α = -l - with l = , the form of the rule can be written
is a negative even (or non-integer), the results are the same as the formulas of Theorem .(iii) (or (i)).
Proof Setting t = x i , we divide the integral into two parts, as in the following forms:
The proof of the theorem is similar to Theorem .. The only one difference of the proof is that (-) α g(x) in the above formulas can be regarded as g (x) . Therefore, by using (.), (.) of Lemma ., and (.) of Corollary ., respectively, we obtain
Adding the rules of (.) and (.), we have the following form:
We complete the proof of Theorem . from (.).
The quadrature formulas and error expansions of (.) have been given in the front part of this section. While we study some boundary integral equations arising in many problems, we notice that these are not only required for calculating the integrals of (.), but we also need to discuss the integrals with logarithmic functions just like (.) to solve the equations. From equations (.), (.), and (.), one can obtain the Euler-Maclaurin expansions for hyper-singular integrals with logarithmic functions. We deal with them in another paper.
Remark (i) We note the terms
of equations (.) and (.) depending on h (k-l)+ and g (k+) (t), where
The accuracy order of quadrature formulas can be improved by utilizing the Richardson extrapolation method to take the terms away. Letting
where k = , , . . . , l -, i = , . . . , l, and the order of error of
(ii) Considering equations (.), (.), (.), and (.), we can obtain better numerical results by the Richardson extrapolation or the Romberg extrapolation method just like the above item (i). Now, taking Example . for example with l = , we will obtain the quadrature formula and its error expansion. The quadrature rule of (.) is Q(h) = n- j= hG(a + (j + /)h). Then the kth extrapolation is given by
and the corresponding asymptotic expansion of error is
where 
Numerical experiments
In this section, we will display several numerical experiments which are associated with the implementation of the quadrature formulas proposed in this paper. The numerical results for non-periodic hyper-singular integrals are given. Let h = b-a n be the step length used in the quadrature, where n is the number of nodes. h k -ex (k = , , , ) are the absolute errors of the kth extrapolation, and r
Example . Calculate the hyper-singular integral
where the exact solution is where the exact solution is
We get the quadrature formulas
and extrapolations (.) for this example. We have the numerical results listed in Table  for (.) by using the rules (.) and (.) at t = . with α = - and I is the Hadamard part of the example. Clearly, the numerical results in Table  imply that
which meet equation (.).
Example . Calculate the hyper-singular integral with the fractional order singularity
where the exact solution is
The numerical results for (.) at t = . are listed in Table  n ≈  k+ , k = , , , which accord with the error expansion of (.) perfectly. The rate log  (r k n ) shows that EQF has fourth and sixth order accuracy as k =  and k = , respectively.
In a consideration of the non-periodic functions g(x) of all the numerical examples above, we can periodize the functions by a sin p transformation [] to take away some terms of the error expansions. By utilizing the extrapolation method, we can get numerical solutions with higher convergence order from (.), (.), and (.), respectively.
Conclusion
From the above results in this paper, we draw conclusions as follows: According to the quadrature formulas to calculate hyper-singular integrals, the algorithms of modified trapezoidal formulas have a low cost for real world problems compared with some other methods, such as the Gaussian method [, , ] and the Newton-Cotes method [-]. The rules can be calculated in a fairly straightforward way, without the need to calculate any weight. The accuracy order of the algorithms is very high. Finally, the numerical experiments match with the error analyses. These excellent numerical results show the significance of the quadrature formulas proposed in this paper.
